An L(2, 1)-labeling of a graph Γ is an assignment of non-negative integers to the vertices such that adjacent vertices receive labels that differ by at least 2, and those at a distance of two receive labels that differ by at least one. Let λ 1 2 (Γ) denote the least λ such that Γ admits an L(2, 1)-labeling using labels from {0, 1, . . . , λ}. A Cayley graph of group G is called a circulant graph of order n, if G = Z n . In this paper initially we investigate the upper bound for the span of the L(2, 1)-labeling for Cayley graphs on cyclic groups with "large" connection sets. Then we extend our observation and find the span of L(2, 1)-labeling for any circulants of order n.
Introduction
The Frequency Assignment Problem (FAP) deals with assigning radio frequencies to the transmitters at different locations in a territory in such a manner that closely located transmitters receive frequencies that are sufficiently apart, so that these channels would not interfere with each other. This practical scenario can be realized as a graph theoretic problem by viewing each transmitter as a vertex of the graph. Consequently the associated vertex label corresponds to the radio frequency of the transmitter. Roberts [15] identified the difference between the terms "close" and "very close" in terms of edge-distance as follows. An edge is assumed to exist between two vertices if the corresponding transmitters are located "very close" physically; and two transmitters are said to be close if their corresponding vertices are at a distance of two. Motivated by this concept, Griggs and Yeh formulated L(2, 1)-labeling of a graph [9] .
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Formally, an L(2, 1)-labeling of a graph Γ is an assignment f : V (Γ) → Z + ∪ {0} such that |f (x) − f (y)| ≥ 2, if xy ∈ E(G), 1, if d(x, y) = 2, where d(x, y) is the distance between the vertices x and y. Let λ 1 2 (Γ) denote the least λ such that Γ admits an L(2, 1)-labeling using labels from {0, 1, . . . , λ}. As bandwidth is a limited resource, the main target is in FAP is to come up with a frequency assignment using minimum number of frequencies, i.e. one needs to minimize the span of the labeling proposed. For convenience, without loss of generality, we consider the smallest label to be zero, so that the span is the highest label assigned. Many results have been published related to this problem and its variations [17, 11, 1, 5, 10, 12] over the past few decades. Extensive surveys on this topic could be found in [18, 7] . The determination of the exact value of λ 1 2 (Γ) for a given graph Γ is a very difficult task, it is an NP-hard problem to be precise [9, 7] . For this reason, researchers are trying to determine the bounds on λ 1 2 (Γ) instead, for different classes of graphs. An obvious lower bound is ∆ + 1 where ∆ is the maximum degree of the graph. In 1992 Griggs and Yeh [9] conjectured that for any graph Γ, λ 1 2 (Γ) ≤ ∆ 2 , where ∆ ≥ 2. However, in the same paper [9] they showed that for any graph Γ, λ 1 2 (Γ) ≤ ∆ 2 + 2∆. Later this result was refined by Chang and Kuo [8] as λ 1 2 (Γ) ≤ ∆ 2 + ∆. This result was proved asymptotically by Havet et al. in 2008 [11] . Even though the conjecture is proven to be true for a selected families of graphs, viz. paths, cycles, wheels [9] , trees [8] , [10] , Cartesian product and the composition of graphs [17] , generalized Petersen graphs [12] , chordal graphs [16] , etc., it is yet to be proved in general. There are very few graph classes for which λ 1 2 (Γ) can be calculated efficiently. These are paths, cycles, wheels, trees, generalized petersen graphs, etc. There exist large families of graphs for which it is still unknown whether the computation of λ 1 2 (G) is NPcomplete or polynomially solvable (see [5, 14, 16, 3, 1] ). Hence finding good upper bounds on λ 1 2 (Γ) have always been a very interesting problem in graph labeling. L(2, 1) labeling of Cayley graphs were investigated by Zhao [19] on abelian groups and by Bahls [2] on more general groups. Recently, Li et al. [13] investigated the L(2, 1) labeling of cubic Cayley graphs on dihedral groups. We observed that compared to other families of graphs, L(h, 1)-labeling of Cayley graphs has not been explored much. The circulant graphs, a particular class of Cayley graphs, always attracted mathematicians for their symmetry. To the best of our knowledge, for the first time we investigate the L(2, 1)-labeling of circulants in this paper.
Definition. Let Z n be a cyclic group and S ⊂ Z n such that 0 / ∈ S. Define a graph Γ = Γ(Z n , S) by V (Γ) = Z n and E(Γ) = {(u, v) : v − u ∈ S}. Such a graph verified that f is injective and
Moreover, it can be easily observed that max i∈Zn f (i) = 3n 2 − 2, we find that λ 1 2 (Γ) ≤ 3n 2 − 2.
Next we will consider |S| = n − 3, which is possible only if {0, a, n − a} / ∈ S, where a is any non-negative integer. For this specified connection set, we define the vertex labeling function f below, and prove that f provides an L(2, 1)-labeling in Theorem 3, and Lemma 2.
Proof. First note that i − ℓ i = rd, for some non-negative integer r ≤ = q which gives
Now for the choice r = 1, equation (1) reduces to −sp + tq = 1. But as d = gcd(n, a), we know gcd(s, t) = 1. Thus by Euclidean Algorithm, there exists at least one integer solution (in terms of (p, q)) to the equation −sp + tq = 1. In addition we can view equation (1) as −sp + tq = 1 · r, which also guarantees the existence of at least one integer solution to equation (1) . Now it remains to show that there exist a non-negative integer p that satisfies equation (1) . As the existence is guaranteed for such integers p and q, we can also obtain infinitely many other integer solutions in the form of
where k is any integer. Starting with any integer solution (p, q), using the Euclidean Algorithm (or any other method), with the appropriate choice of k, we can obtain the smallest non-negative integer p such that p < t = a d . This completes the proof.
Proof. To prove that the function f described above, defines an L(2, 1) labeling on Γ with connection set S, we first need to show that f labels the vertices of Γ uniquely, and later we show that |f
Proof. Let us start with the assumption that f (i) = f (j) for some i, j ∈ Z n , where i = j. Without loss of generality we can assume that j > i. Now,
Equation (2), upon simplification, provides
As a(k + 1) > 1 and 0 < (j − i) < n, we can easily conclude that ℓ ij and p ij share the same sign (note that none of them is zero in this case). Without loss of generality we can assume that they are both positive. Upon simplifying equation (3) we get,
Therefore, ℓ ij (a − 1) ≥ 0. Now we consider the three different possibilities for
which leads us to a contradiction as 1
The last possibility that we need to consider is ℓ ij (a − 1) = 0. In this case equation (4) 
Obviously it leads to a contradiction since
Proof. As we have already shown in the previous claim that f assigns distinct values to all the vertices of the graph Γ, it remains to be shown that |f (i) − 148 S. Mitra and S. Bhoumik f (j)| = 1 for all (ij) ∈ E(Γ). If possible we assume that |f (i) − f (j)| = 1 for some i, j ∈ Z n , where j − i ∈ S. This leads to
which simplifies to the following equation,
If p ij = 0, then equation (5) becomes
If ℓ ij = 0, then j − i = a, which is a contradiction since a / ∈ S. Otherwise j − i = ±a + ℓ ij a n d + 1 − 1 . Hence either j − i ≥ n or j − i ≤ −n (based on the sign of ℓ ij ) is a contradiction.
If p ij = 0, then without loss of generality we assume that p ij is positive. Once again if ℓ ij = 0, then equation (6) implies that j − i = np ij ± a, which is only possible if j − i = n − a, again this is absurd as n − a / ∈ S. We assume that ℓ ij = 0, which simplifies equation (6) to j − i = np + ℓ ij a n d + 1 − 1 ± a. If ℓ ij is positive, then j − i > n, a contradiction. Hence considering ℓ ij = −t, where t > 0, we have
Note that if t ≥ 2, then from equation (7) 
, which is impossible. Hence the only option is to assume that t = 1, which simplifies equation (7) to j − i = −n a d − p − a + 1 ± a, which is possible only if p = a d − 1. Thus we get j − i = −n − a + 1 ± a, which means the value of j − i is either −n − 2a + 1, or −n + 1. The former one is absurd, we can only consider the latter one, i.e., i − j = n − 1, which is equivalent to j − i = 1 in Γ. But in that case equation (7) implies n = 0, a contradiction. Now it remains to show that λ 1 2 (Γ) ≤ n + d − 2. Note that f attains its maximum when both p i and ℓ i attain maximum, i.e., p i = a d −1, whereas ℓ i = d−1. So we have max i∈Zn {f (i)} = max
Now in order to get the λ, we must find the smallest integer value of
for all i ∈ Z n . As i ≤ n−1, we know that
is always positive. Thus we can conclude that min
Next we consider the case when |S| = n−4. First note that in this case n must be even, and the connection set S should be such that Z n \ S = {0, a, n 2 , n − a} for some a ∈ Z * n . Without loss of generality, we assume a is the smallest integer in the set Z * n \ S. Let us first prove two lemmas before we propose the function that assign the labeling to Γ. The first one is easy to verify, so we skip the proof.
Lemma 6. If a is coprime to n, then λ 1 2 (Γ) = n − 1.
Proof. Let us consider the prime power decomposition of n = 2 a 0 p For the sake of simplicity, for any i ∈ V (Γ) we consider
, and
. We can easily figure out the bounds for C i , and F a , such that 0
. Now the following function will assign L(2, 1)-labeling to the graph G, which we will show in the following theorem.
where
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We claim that this function assigns the L(2, 1)-labeling to the circulants Γ with |S| = n − 4, as well as the value of the λ 1 2 (Γ) is at most n + d 2 − 2. We prove the second claim first and the former one in Theorem 10.
Proof. First it is obvious that f attains its maximum when q i , r i attain their maximum values, i.e., q i = 1, and
On the other hand,
Now it remains to show that f assigns a L(2, 1)-labeling to Γ.
Proof. Lemma 7 suggests that d cannot be odd, as d ∤ n 2 . Also it is not difficult to verify that f is injective. It suffices to show that |f (i) − f (j)| ≥ 2 when (ij) ∈ E(G), i.e., j − i ∈ S. If possible let us assume that |f (i) − f (j)| = 1. Further, without loss of any generality, let us assume that j > i.
where we have set C ji = C j − C i . Note that either one, or both of q ji (i.e., q j − q i ) and r ji (i.e., r j − r i ) is zero, or they share same signs. Without loss of generality we also assume that f (j) − f (i) = −1, which gives us
Now if t i = t j = t, then it can be observed that for both the assumptions r ≥ 1 and r ≤ 1 we arrive at contradiction. The only remaining choice is r = 0. Further, q ji = 0 implies ℓ ji = 0 and as a consequence we obtain j − i = −np ji ± a which is absurd. Therefore, we must have q ji ∈ {−1, 1} and hence we reach
On the other hand, if t = 0, and q ji = 1, then
, which is only possible when j − i = n 2 , a contradiction.
Next we consider t i = t j . Without loss of generality we assume that t j = 1 and t i = 0 which simplifies equation (8) to
Since q ji and r ji share same signs, we can easily observe that both r ji > 0, and r ji < 0 lead us to contradictions. Hence the only case we are going to consider is r ji = 0. But in this case when q ji = 1, we have q j = 1 and q i = 0, which gives us F a − C = 2 n d , a contradiction. On the other hand if we consider q ji = −1, i.e., q j = 0 and q i = 1, we arrive at
, which is again absurd.
Therefore, all the possibilities lead us to the conclusion that |f (i) − f (j)| = 1 and this confirms that f defines an L(2, 1)-labeling on Γ.
Generalization
In this section we will generalize the result for any circulant, i.e., we provide a way to assign the vertex labeling that satisfies the L(2, 1) criteria (Algorithm (1) and (2)). Later in Theorem 10, we investigate the condition on the connection set S in order to have the exact value of λ 1 2 (Γ). Algorithm (1) and Algorithm (2) together provide us the L(2, 1)-labeling for circulants with any connection set S, such that S c = Z n \ S = {a 1 , a 2 , . . . , a k , n − a k , n − a k−1 , . . . , n − a 2 , n − a 1 }. Immediately we can determine the upper bound for λ 1 2 (Γ) for those circulants. Here we denote d a 1 a 2 ···a k = gcd(a 1 , a 2 , . . . , a k ). First Algorithm (1) takes the connection set S as input, immediately calculate the non-connection set S c = {b 1 , b 2 , . . . , b m ′ }, and then finds the minimal nonconnection set S ′ = {a 1 , a 2 , . . . , a m } ⊆ S c ; where m ≤ n−|S| 2 , and {a 1 , a 2 , . . . , a m } is the smallest set such that gcd(a 1 , a 2 , . . . , a m ) = gcd(b 1 , b 2 , . . . , b m ′ ). Next Algorithm (2) assigns the L(2, 1)-labeling to the circulant graph of order n. First of all, note that for any a ∈ Z n , the circulant graph Γ = Γ(Z n , {a}) is d = gcd(n, a) many disconnected cycles of order n 2 d. Also observe that the groups of integers modulo n; a 1 is a cyclic subgroup of Z n with order n da 1 , and a 1 , a 2 is a subgroup of Z n with order n da 1 a 2 . It is easy to verify that a 1 ⊳ a 1 , a 2 , and hence
. Similarly for any t ≤ m, (2) , consecutive labels are only being used in difference of a 1 , a 2 , . . . , a m−1 or a m , any two adjacent vertices have the difference of labeling of at least 2. Hence Algorithm (2) provides an L(2, 1)-labeling to the graph Γ.
Algorithm 1
1: Input: The number n, and the connection set S. Set a k+1 ← b t
12:
Set d ← gcd(a 1 , a 2 , . . . , a k+1 ) Proof. First we consider that |S c | is odd. From Theorem 3 it is obvious that λ 1 2 (Γ) ≤ n + d − 2. We just need to show that λ 1 2 (Γ) > n + d − 3. If possible let us assume that λ 1 2 (Γ) ≤ n + d − 3.
future. For example one can find, L(h, 1), L(h, k) or any other type of distance labeling for circulants, or even for generalized Cayley graphs. On the other hand, one can extend the similar technique to the other families of graphs, that are yet to be considered for L(2, 1)-labeling.
